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Abstract 

In [math. Q A/ 0506507] L Gelfand and the authors of this paper introduced a new class 
of algebras associated to directed graphs. In this paper we show that these algebras are 
Koszul for a large class of layered graphs. 



0. Introduction 

In [GRSW] I. Gelfand and the authors of this paper associated to any layered graph F 
an algebra A(r) and constructed a basis in A{r) when the graph is a layered graph with 
a unique minimal vertex. 

The algebra A{r) is a natural generalization of universal algebra Qn of pseudo-roots 
of noncommutative polynomials introduced in [GRW]. In fact, A{r) is isomorphic to Qn 
when r is the hypercube of dimension n, i.e. the graph of all subsets of a set with n 
elements. 

The algebras Qn have a rich and interesting structure related to factorizations of poly- 
nomials over noncommutative rings. On one hand, Qn is a "big algebra" (in particular, 
it contains free subalgebras on several generators and so has an exponential growth). On 
the other hand, it is rather "tame": it is a quadratic algebra, one can construct a linear 
basis in Qn [GRW], compute its Hilbert series [GGRWS], prove that Qn is Koszul [SW, 
Pi], and construct interesting quotients of Qn [GGR]. 

Since the algebra A{r) is a natural generalization of Qn one would expect that for a 
"natural" class of graphs the algebra A(r) is Koszul. In this paper we prove this assertion 
when r is a uniform layered graph; see Definition 3.3. The Hasse graph of ranked modular 
lattices with a unique minimal element is an example of such a graph. 

Compared to the proof given in [SW] for the algebra Qn, our proof is much simpler, 
and more geometric. 



partially supported by NSA 
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1. The algebra ^(r) as a quotient of T(V+) 

We begin by recalling (from [GRSW]) the definition of the algebra A{T). Let T = {V, E) 
be a directed graph. That is, F is a set (of vertices), E is a, set (of edges), and t : E 
and h.\ E are functions. (t(e) is the tail of e and h(e) is the heud of e.) 

We say that T is layered iiV = Uf^gFj, E = Uf^i^^j, t\Ei^Vi, h : ^ Let 

We will assume throughout the remainder of the paper that V = {V, E) is a, layered graph 
with V = U^LoVi, that Vq = {*}, and that, for every v e V+, {e e E | t(e) = t;} 7^ 0. 

If V, e F, a path from v to tt; is a sequence of edges tt = {ei, 62, e^} with 
t(ei) = V, h(em) = If and t(ei+i) = h(ei) for 1 < z < m. We write v = t(7r), = h(7r). 
We also write v > w if there is a path from v to w. Define 

p^{t) = (1 - tei)(i - te2)...(i - fe„) e r(£;)M/(r+i) 

and write 

n 
3=0 

Recall (from [GRSW]) that R denotes the ideal of T{E), the tensor algebra on E over 
the field F, generated by 

{e(7ri,A;)-e(7r2,/!;) | t(7ri) = t(7r2), h(7ri) = h(7r2), 1 < < /(tti)}. 

Also, by Lemma 2.5 of [GRSW], R is actually generated by the smaller set 

{e(7ri, k) - e(7r2, k) \ t{ni) = t(7r2), h(7ri) = h(7r2) = *, l<k < /(tti)}. 

Definition 1.1. A{T) = T{E)/R. 

Note that e(7r, /c) G T{E)k. Thus R = Y^JL^Rj is a graded ideal in T{E). We write 
e(7r. A;) for the image of e(7r, A;) in A{T). 

In fact, ^(r) may also be expressed as a quotient of T{V~^). To verify this we need a 
general result about quotients of the tensor algebra by graded ideals. Let VF be a vector 
space over F and let / = l^jli Ij be a graded ideal in the tensor algebra T{W). Let ijj 
denote the canonical map from W to the quotient space W/ Ii and let < Ii > denote the 
ideal in T{W) generated by Ii. Then ip induces a surjective homomorphism of graded 
algebras 

(t> : T{W) T{W/h) ^ T{W)/ <h> . 

Consequently, by the Third Isomorphism Theorem, we have: 
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Proposition 1.2. 

T{W)/I ^ T{W/h)/cf>{I) 
where (f)(1) = Y1^2^i-^j) ^ graded ideal of T{W/Ii). 

We now apply this to the presentation of the algebra A{T). Recall that for each vertex 
V G there is a distinguished edge e„ with t(e„) = v. Recall further that for v G 
we define v^^^ = v and = h(e„(i)) for < i < li^l — 1 and that we set e{v,l) = 

e„(o) + e„(i) + ... + e^(iH-i). Thus 

By = e{v, 1) - e(^;^^), 1) = e(t(e^,), 1) - e(h(e^,), 1). 

Let E' = {e^,\v G V+}. Define t : FE ^ EE' by 

r(/) = e(t(/),l)-e(h(t),l). 

Then r is a projection of EE onto EE' with kernel 
Now define r/ : EE' EV+ by 

r] : Cy V. 

Then is an isomorphism of vector spaces and rjT induces an isomorphism 

u : EE/Ri EV+. 
As above, v induces a surjective homomorphism of graded algebras 

e : T{E) T{V+). 

Thus Proposition 1.2 gives: 

Corollary 1.3. ^(F) ^ T{V+)/d{R). 

It is important to write generators for the ideal 0{R) explicitly. Since R is generated by 
Ri together with the elements of the form e(7ri, k) — e(7r2, k) it will be suflBcient to write 
0(e(7r, k)) explicitly. Let tt = {ei, 62, e^} be a path, let t(ej) = for 1 < z < m and 
let h.{em) = Vm- Then 

e(7r,A;) = (-1)'= ^ ei,...ei,. 

l<ii<...<ifc<m 

Now ^"(61) = e„._j — and so r}v{ei) = Vi-i — vi. Since ^ is induced by r}v we have: 
Lemma 1.4. 

^(e(7r,A;)) = (-1)'= J] {vi,-i - Vi,)...{vi^-^ - Vi^). 

l<ii<...<ik<m 



3 



2. A presentation of gr A{T) 

Let W = X^^o be a graded vector space. We begin by recalling some basic proper- 
ties oiT{W). 

T{W) is bi-graded, that is, in addition to the usual grading (by degree in the tensor 
algebra), there is another grading induced by the grading of W . Thus 

oo 
i=0 

where 

T{W)[i^ = span{wi...Wr\r > 0, wj e h + ••• + Ir = i}- 

This grading induces a filtration on T{W). Namely 

T{W)i = T{W)[i] + T[,_i] + ... + T{W)io] = 

span{wi...Wr \r > 0,Wj e + ... + Ir < i}- 

Since T{W)i/T{W)i_i ^ T{W)[i] we may identify T{W) with its associated graded alge- 
bra. Define a map 

gr : T{W) T{W) = gr T{W) 

by 

gr : X ^ X 

for A e F.l and 



gr ■.u = ^Uk^Uk 



i=0 

where k > 0,Ui E T(VF)[j] and ^ 0. 

Lemma 2.1. Let W be a graded vector space and I be an ideal in T{W). Then 

gr {T{W)/I)^T{W)/{gr I). 

Proof. We have 

{gr = T{W)ik^ n {T{W)k-i + I). 

Therefore 

gr {T{W)/I)[k] = {T{W)/I)k/{T{W)/I)k-i = mW)k + I) / 1) / {{T{W)k-i + /)//) 
^ {T{W)k + I)/{T{W)k-i + /) - {T{W\k] + T{W)k-i + I)/{T{W)k-i + /) 
- T(W-)[,]/(T(W-)[,] n (T(M^)fc_i + /)) = T{W\k]/{9r I)[k]- 

□ 

The decomposition of V into layers induces a grading of the vector space FV^ . Thus 
the tensor algebra T(y+) is graded and filtered as above. The following lemma shows that 
this filtration on T(F+) agrees with that induced by the filtration on T{E). 
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Lemma 2.2. For all i > 0, T(V+)i = 9(T(E)i). 

Proof. This holds for z = since T{V+)o ^ T{E)o = F. Furthermore, T{E)i is spanned 
by 1 and {/|/ e E^}. For / G we have t(/) = e(t(/), 1) - e(h(/), 1), but h(/) = * and 
e(*, 1) = so t(/) = e(t(/), 1). Hence r]T{f) = t(/). Thus T{V+)i = 9{T{E)i). 
Now assume T{V+)i-i = e{T{E)i^i). Then 9{T{E)i) is spanned by 

^({ei...er I r > 0, |ei| + ... + |e^| < i}) = 

{(t(ei) - h(ei))...(t(e^) - h(e^)) | r > 0, |ei| + ... + |e^| < i). 
Let tt = (t(ei) — h(ei))...(t(eT.) — h.{er)). Then if |ei| + ... + \er\ < i we have 

It = t(ei)...t(er) mod T(V''")j_i. 

The lemma then follows by induction. □ 
Corollary 2.3. A{r) ^ T{V+)/e{R) as filtered algebras. 
If u e A{r)i,u ^ A(r)i-i we write \u\ ~ i. 

As before, let tt = {ei,e2, ...,e^} be a path and let t(ei) = Vi-i for 1 < z < m and 
h(e^) = v^. For 1 < A; < m + 1 set 

v{TT,k) = Vo...fA;-l- 

Lemma 2.4. Let tti, 712 6e ;)a^/is with t(7ri) = t(7r2) ond let 1 < k < /(tti). T/ien 

v(7ri, /e) — v{7r2, k) e ^rr 9{R). 



Proof. We may extend tti, 7r2 to paths /Ui, ^2 such that h(//i) = h(//2) = *• Then e(//i, k) — 
e(/U2, /c) € R. The result now follows from Lemma 1.4. □ 

Let Rgr denote the ideal generated by 

{vim, k) - v{ti2, /c)|t(7ri) = t(7r2), 2 <k< /(tti)}. 
Proposition 2.5. gr A{V) ^ T{V+)/Rgr. 

Proof. We begin by recalling the description of a basis for gr A{T). 

We say that a pair v E V , Q < k < \v\ can be com;?osed with the pair (ti, /), 

It e V, < / < if V > u and = \v\ — k. If {v,k) can be composed with {u,l) we 
write (f,/c) |= {u,l). Let Bi(r) be the set of all sequences 



b = ((61, mi), (62, m2), {bk,mk)) 
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where A; > 0, 61, 62, •••5 bk E V , < rrii < \bi\ ior 1 < i < k. Let 

B(r) = {b = ((61, mi), (62, m2), nik)) G Bi(r) | 
nii) ^ mj+i), 1 < i < /c}. 

For 

b = ((61, mi), (62, m2), m^)) G Bi(r) 

set 

e(b) = e{bi,mi)...e{bk,mk). 

Clearly {g(b) | b e Bi(r)} spans A{r). Writing e(b) = e(b)+A(r),_i e gr A{r) where 
|e(b)| = i, Corollary 4.4 of [GRSW] shows that {e(b)|b e B(r)} is a basis for gr A{T). 
Let 

~':TiV+)^TiV+)/Rgr 

denote the canonical mapping. Write e{b,m) for the image of e{b,m) and e(b) for the 
image of e(b). 

By Lemma 2.1 and Corolooary 1.3, we have gr A{T) ^ T{V+)/{gr e{R)). Since Rgr C 
gr 9{R) (by Lemma 2.4) the canonical map 

T{V+) ^ T{V+)/{gr e{R)) 

induces a homomorphism 

a:T{V+)/Rgr^9r A{r). 

Clearly 

a : e(b) 1— > e(b). 

Also, since {e(b)|b G B(r)} is a basis for (/r A{r), there is a linear map 

P : srr ^(L) ^ T(F+)/i?3, 

defined by 

/5 : e(b) ^ e(b). 

As a and /3 are inverse mappings, the proof is complete. □ 
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3. The quadratic algebra A{T) 

We will now see that, for certain graphs F, R is generated by Ri + i?2- 

Definition 3.1. Let F be a layered graph and v G Vj,j > 2. For 1 < i < i define 
Si{v) = {w e Vj-i\v > w}. 

Definition 3.2. For v G Vj,j > 2, let denote the equivalence relation on Si{v) 
generated hj u w if Si{u) fl Si{w) ^ 0. 

Definition 3.3. The layered graph V is said to be uniform if, for every v E Vj, j > 2, 
all elements of <Si (v) are equivalent under . 

Lemma 3.4. Let F be a uniform layered graph. Then R is generated by Ri + R2, in fact, 
R is generated by R\ U {e(Ti, 2) — e(r2, 2)|t(ri) = t(r2), h(Ti) = h(r2), |ri| = 2}. 

Proof. Let S denote the ideal of T{E) generated by Ri U {e(Ti,2) - e(T2, 2)|t(Ti) = 

t(T2),h(Ti) =h(T2),|Ti| =2}. 

We must show that if tti, 1^2 are paths in F with t(7ri) = t(7r2), and h(7ri) = h(7r2) = *, 
then P^i(t) - P^^{t) G S[t], or, equivalently, P^^{t) G (1 + S[t])P^^{t). This is clear if 
K^i) — 2- Wc will proceed by induction on 1{tti). Thus we will assume that /c > 3, that 
/(tti) = /c, and that whenever fXi, fX2 are paths in F with t(//i) = t(//2), and h(//i) = 
h(At2) = *, and /(//i) < A;, then P^^{t) - Pf^^it) G 

Write TTi = (ei, 62, Cfc), 7r2 = (/i, /2, /fe)- We first consider the special case in 
which h(ei) > h(/2) (and so there is an edge, say g, with t{g) = h(ei),h(^) = h(/2)). 
Consequently, P(ei,g)(t) G (1 + S[t])P^f^j^){t). Write tti = (61,62)1^1 and 7r2 = (f 1, f 2)1^2- 
Then 

P^,{t) = (l-tei)(l-te2)P.i(t) 

and 

P,,(0 = (l-t/l)(l-t/2)P..(t) 

SO 

(1 - - t/2)((l - - tei)-\l - tei)(l - t^))P.,(t)x 

P,,it)-\{l-te2)-\l-te^)-^P^,it)). 
Let /xi = e2i^i and ^2 = fi'i^2- Then, by the induction assumption, 

(1 - tg)P,,it)P,,it)-\l - te2)-^ = P^,it)P^,it)-^ G 1 + S[t]. 

Consequently, 

(1 - tei)(l - tg)P,,{t)P,,{t)-\l - te2)-\l - te^)'^ 
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e (1 - tei){l + S[t]){l - tei)-i = 1 + S[t] 

and so we have 

In the general case, let h(ei) = u and h(/i) = w. Then u,w E Si{v) so, since T is 
uniform, there exist ai, a/_|_i G Si{v) with ai = a^^i = w and 61,..., 6; G ^ with 
6j e 5i(ai) n Si{ai+i) for 1 < i < /. For 1 < z < /, let be a path from 6j to *. 
For 2 < i < I let gi e E satisfy t{gi) — t(7ri), h(5fj) = ai. For 1 < i < I let Vi e E 
satisfy t(rj) = and h(rj) = 6j and let Si E E satisfy t(sj) = a^+i, h(sj) = 6j. Then the 
previously considered case shows that 

P^,{t) e (1 + S[t])Pg,s,rM 
Pg^s^-.n-M ^ + S[t])Pg,^,s,rM 

for 2 < « < Z - 1; 

Pgts,.,n.,{t) e {1 + S[t])Pf,s,n{ty, 

and 

Phs,n{t)&{'^ + S[t])P.,{t), 

proving the lemma. □ 

Now assume that F is a uniform layered graph. Then R is generated by Ri + -R2, in 
fact, R is generated by Ri U 7^2 where Tl2 = {e(Ti,2) — e(T2, 2)|t(Ti) = t(T2),h(Ti) = 
h(r2), |ri| = 2}. Set i^^/ =< 6'(7^2) >. 

Proposition 3.5. Let F be a uniform layered graph. Then A(r) = T{y~^)/Rv is a 
quadratic algebra and Ry is generated by 

{v{u — w) — + + {u — w)x\v e U^^2^i) E Si{v), X G Si{u) n Si{w)}. 

Proof. By Lemma 3.4, Ry is generated by 

^({e(Ti, 2) - e(r2, 2)|t(ri) = t(T2), h(ri) = h(r2), |ti| = 2}. 
Let n = (e, /), r2 = (e', /'), t(e) = t(e') = ^, h(e) = ^i, h(e') = h(/) = h(/') = x. Then 
^(e(Ti, 2) — e(T2, 2)) = (f — — — (i? — w){w — x) = v{u — w) — + w'^ + {u — w)x. 

□ 

Combining this proposition with the results of the previous section we obtain the fol- 
lowing presentation for gr A{T)). 

Proposition 3.6. Let T be a uniform layered graph. Then gr A{T) = TiV^) / Rgr is a 
quadratic algebra and Rgr is generated by 

{v{u-w)\v e \Ji^2'^i,u,w e Si{v),x e Si{u)r\Si{w)}. 
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4. gr AiV) is a Koszul algebra 



If is a graded subspace of V"^ we write 

k-2 
i=0 

SO that 

k-2 

[gr = Pi V\gr W)V^-'-'^ . 

i=0 

Then, by Proposition 3.6, 

[gr Rgr)^'^^ C span{v{Tr, k) \ n is a path, l{n) > k} 

To simpUfy notation, we wiU write V for and R for Rgr- Note that if tt is a path 
with /(tt) > k and v{tt, k) = fofi---ffe-i then = \v}.\ + 1 > 1. Thus f (tt. A;) e V'^. 

Definition 4.1. 

Pathk — span{v{n, k) \ n is a path, /(tt) > k} 

and 

Pathk{v) = vV''-^ n Pathk. 

Let / : V ^ F be defined by f(v) = 1 for all f G V and denote / (g) ... ® /, taken I 
times. Let gr-V^ ^ V^"^ be defined hy gi = f ® /'"^ 
For any vertex v e V and any I > define 

Si{v) — span{u \ v > u, \u\ — \v\ — 1} 

and 

Pi{v) = span{u — w \ v > u, v > w , \u\ = \w\ = \v\ — I}. 

Note that Pi{v) = Si{v) = (0) if / > |^;|, that So{v) = span{v}, and that Po{v) = (0). 
Note also that Pi{v) = kerf \si{v) ^^nd therefore 

Pi{v)V"' = ker gm+i \sl{v)^r"^ 
for all l,m>0. Combining this with Proposition 3.6, we have 

gr R2 = span{v{u — w) \ u,w & Si{v),v e V} 
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Lemma 4.2. For k > 2, 



k-2 



R^'^) = Pathk n Pi ker {P+^ 0/0 l''-'-^). 



i=0 



Proof. Since 

k-2 
i=0 

we have 

k-2 
i=0 

We also have that 

R"*" = span{{v*u* \ \u\ ^ \v\ — 1 or v u} U {v*f \ v e 

= span{v*u* I \u\ ^ \v\ — 1 or v u} + V*/. 



Let 



Then 



M = span{v*u* \ \u\ ^ \v\ — 1 or v u}. 



k-2 



_ ^^*k — i — 2 _j_ J^*k—i—2^ 

i=0 

k-2 k-2 
^ ^ j^^*k—i—2 _j_ ^ ^ ■Y*^+-'^ j^*k—i—2 

fc-2 fc-2 



So 



i=0 i=0 



fc-2 fc-2 



j^(fc) _ Y**MV*'^~*~^)"'" n (y~^ Y*^+^ jY*^~^~^)- 



Now 



i=0 i=0 
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fc-2 

V**MV*'=-*-^)^ = {ill^Y'M^'V^-'-'^ = Pathk 

i=0 

and 

k-2 
i=0 

giving the result. □ 

We will need the following result, whose proof is straightforward. 

Lemma 4.3. Let Wi and W2 be F-vector spaces, h : Wi — > W2 a linear transformation, 
ACWi, C C W2, subspaces, and B = h-^{C). Then 

h{A)nh{B) = h{Ar]B). 
Lemma 4.4. Ifl>0,j> I, and v e U^^2^ j ^'^^^ 

Pj{v)v'+^ n r('+2) = gi+3{Sj-i{v)v'+^ n r('+3)). 

Proof. Note that 

{f0l){Sj-i{v)VnK)CP^{v) 

and 

(/®/^+2)(VR('+2))CR('+2). 

Consequently, 

To prove the reversed inclusion we note that by Lemma 4.2, 

Pj{v)Y^+^ n R('+^) = Pj{v)Y^+^ n Pat/i/+2 n {nl^oker{P+^ 0/(8) 

and 

Let g = gi+4...gi+j+2- Then for any subspace W C V^+^ we have 
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and 
Then 

Pj{v)Y^+^ n Pathi+2 n (n^=o^er(r+i ®f® = 

{gi+^g){Path,+^{v)Y'+^) n ((7H3^7)(V^(fcer (/® /^+^))) n 
{gi+zg){Y^Pathi+2) n (nUV^ (/cer(r+i ® / ® I^"^))) = 
(^i+3^)(Pa%+i(v)V'+i n Y^Pathi+2 n (nSV^(A;er(r ® / (g) I'+'-O))) = 

{gi+sg){Pathj+i+2{v) n (n^tiV^(A;er(r ® / ® I^+^^O)))- 

Similarly, 

ir^^iLlgiy\ker{P+^ ® / ® j'+i-^))))) = 

{gi+,g){Pathj{v)Y'+^ n V^-^Pat/i.+s n (n^;iV^-^(A;er(r+^ 0/0 /'+^-^)))) = 
(^i+3^)(Pa%+^+2(^) n (n'+lV^ (keriP 0/0 I'+^-O))), 
proving the lemma. □ 

Lemma 4.5. Suppose {Pi{v)\'^} U {V*RV'^~*~-'^|0 < i < k — 1} is distributive for any 
V e V. Then {V'RV''~'|0 < i < k} is distributive. 

Proof. By Lemma 1.1 of [SW] it is sufficient to prove that 

{vV'^+i n V^RV'^-*|0 <i<k} 

is distributive for all w e V. Now gk+2 restricts to an isomorphism of wV'^"'"^ onto V'^"''^. 
Since ^fe+2(^;V^+i n RV'^) = Pi(^;)V'= and gk+2{vY''+^ n V'+^RV''-'-^) = V^RV'^-^-^ 
for < z < A; — 1, the result follows. □ 

Theorem 4.6. Let T be a uniform layered graph with a unique minimal element. Then 
{V*RV'^~-'^ I < z < A;} generates a distributive lattice in T(V). Consequently, gr A{T) is 
a Koszul algebra. 

In view of Lemma 4.5, this will follow from: 
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Lemma 4.7. {Pi{v)V''} U {V*RV'=-»-^ \ < i < k - 1} is distributive for all k > 1 and 
all I > 0. 

Proof. The proof is by induction on k, the result being trivial for k — 1. We assume 
{Pi{v)V^} U {V^RV"^-^-i |0<i<m-l}is distributive for all m < k and aU / > 0. 

First note that any proper subset of {Pi{v)V'^} U {V^RV'^"*"^ | < z < A; — 1} is 
distributive. Indeed, by Lemma 4.5, {V*RV'^~*~^ | < i < — 1} is distributive. Hence 
it is sufficient to show that {P/(v)V'=}U{V*RV'=-*-i I < z < j}U{V'T{V^-'-^ \ j <i< 
k-1} is distributive for aU j, 0<j< k-1}. Now let ]Cj,i = {Pi{v)\^}U{V'RV^-'-^ \ < 
i < j -1} and /Cj,2 = {V^RV^-^-^"^ \ < i < k'- j - 2}. Then /Cj,i and /C^- 2 are 
distributive by the induction assumption. Since {Pi{v)\'^} U {V*RV'^~*~^ | < i < 
j} U {V^RV^-^-i \j<i<k-l}^ ICj^iY^-^ U VJ+i/Cj,2, the assertion follows. 

In view of Theorem 1.2 of [SW], it is therefore sufficient to prove that 

{Pi{v)v'' n RV'^-^ n ... n v'BV''-'-^) n (v^+^RV'^-^-^ + ... + v'^-^R) 

= iPi{v)v^ n RV'^-^ n ... n v^+^RV'^-*-^) 
+{Pi{v)v'' n RV'^-^ n ... n v^RV^"^"^ n (v^+2rv'=-^-3 + ... + v'^-^R)). 

Now write 

Xi = Si{v)Y'' n RV'^-^ n ... n v'BV''-'-\ 

Yi = V^+^RV''-*-^ 

and 

Zi = v^+^RV'^-^-^ + ... + V'^-^R. 

Then we need to show that 

ker gk+i\xin{Yi+Zi) = ker gk+i\xinYi + ker gk+i\xinZi- 

The right-hand side is contained in the left-hand side, so it is enough to prove equality 
of dimensions. 

Hence it is enough to prove 

dim Xi n {Yi + Zi) - dim gk+i{Xi n {Yi + Zi)) 

= dim XiHYi — dim gk+i{Xi fl Yi) + dim Xif] Zi — dim gk+i{Xi fl Zi) 

—dim Xi nYi n Zi + dim gk+i{Xi fl fl Zi). 

Now, by the induction assumption and Lemma 4.5, {Xi,Yi, Zi} is distributive. There- 
fore, the desired equality is equivalent to 

dim gk+i{Xi n {Yi + Zi)) = dim gk+i{Xi fl Yi)-\- 
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dim gk+i{Xi n Zj) - dim gk+i{Xi DYiO Zi). 
But, since {Xj, Yi, Zi} is distributive, 

gk+i{Xi n {Yi + Zi)) = gk+i{Xi nYi + XiD Zi) = gk+i{Xi D Yi) + gk+i{Xi n Zi). 

Hence we need only show that 

dim gk+i{Xi n 1^) n gk+i{Xi n Zi) = dim gk+i{Xi n 1^ n Zi). 

Since 

gk+i{Xi DYiD Zi) C gk+i{Xi D Yi) D gk+i{Xi n Zi) 
this is equivalent to 

gk+i{Xi n Yi) n gk+i{Xi n Zi) = gk+i{Xi DYiD Zi) 

Now by Lemma 4.4, the left-hand side of this expression is equal to 

Pi+i{v)v''-^ n RV'^-^ n ... n v^RV'^-*-^ n (v^+^RV'=-*-^ + ... + v'^-^R). 

In view of the distributivity of {Si{v)V^} U {V*RV'=-*-^|0 < t < k - 1}, which fol- 
lows from Lemma 1.1 of [SW] and the induction assumption, the right-hand side of the 
expression may be written as 

gk+i{Si{v)Y^ n RV'^-^ n ... n v^+^rv'^-^-^) 
+gk+iiSi{v)Y'' n RV'^-^ n ... n v^+^RV'^-^-^ n (v^+^rv'^-^-^ + ... + v'^-^R)). 

By Lemma 4.4, this is equal to 

Pi+i{v)v''-^ n RV'^-^ n ... n v^+^RV'=-*-^ 
+Pi+i{v)v''-^ n RV'^-^ n ... n vw'^-^-^ n (v^+^rv'^-^-^ + ... + v'^-^r). 

By the induction assumption, these expressions for the left-hand and right-hand sides 
are equal, so the proof is complete. □ 

5. KOSZULITY OF A{T) 

Theorem 5.1. Let V he a uniform layered graph with a unique minimal element. Then 
A{T) is a Koszul algebra. 

Proof. This follows from Theorem 4.6 and Proposition 7.2 of [PP]. □ 
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